The groups G considered in this paper have the property that every normal nonsupersoluble subgroup of G has a finite, G-invariant, nonsupersoluble image. The structure of a certain radical, defined in terms of ascendant supersoluble subgroups, is determined. The main result is a supersolubility criterion for polycyclic groups.
Introduction
A theorem due to Baer ([3] or [15, p. 162]) states that a polycyclic group G is supersoluble if and only if every finite image of G is supersoluble. In [4] the associated property o was considered: a group G has property a if every normal nonsupersoluble subgroup N of G contains a G-invariant subgroup L such that N/L is finite and nonsupersoluble. Free groups and subgroups of GL(«, Z) satisfy o . Using a result of Huppert [8] we note that a group G with o is supersoluble if and only if every maximal subgroup of G has prime index. [4, Proposition 1 ] is used here to deduce that, in a group with a, the subgroup generated by all ascendant supersoluble subgroups is a finite extension of a finitely-generated nilpotent group (Theorem 6). Our main result, however, is the following, which generalizes a theorem of Kramer ([9] or [16, Chapter 1, Theorem 3.3]) on finite soluble groups. Here, as elsewhere, Fit G denotes the Fitting radical of the group G. Theorem 1. Let G be a polycyclic group. Then G is supersoluble if and only if for every maximal subgroup M of G, either Fit G is contained in M or M n Fit G is a maximal subgroup of Fit G.
One might attempt to extend Theorem 1 to include other classes of groups with a . However, from [4] we know that a soluble group with o is polycyclic and so there is no improvement possible along these lines. Further, "polycyclicby-finite" is not going to be sufficient, since any finite nonabelian simple group trivially satisfies the stated condition on maximal subgroups. We recall also (see [4] or [12, 53] ) that McLain's insoluble, locally soluble group with the maximal condition on normal subgroups satisfies a and has trivial Fitting subgroup.
The proof of Theorem 1
Suppose G is a polycyclic group. The necessity of the condition on maximal subgroups is easily established, for if G is supersoluble then every maximal subgroup of G has prime index in G [13, 5.4.7] and hence contains a subgroup of prime index in Fit G. For the converse, suppose that every maximal subgroup of G contains a maximal subgroup of F = Fit G, and let <P(G) denote the Frattini subgroup of G. Then <P(G) is of course the intersection of all maximal subgroups of G and each of these has finite index in G, a result which is due to P. Hall [6] . From [4, Theorem 4] we have that G is supersoluble if and only if G/<P(G) is supersoluble. (This is also a special case of a theorem of Lennox [10] .) Further, we know from another result of Hall [7] that <P(G) < Fit G and Fit(G/<P(G)) = (FitG)/<D(G). Taken together, these results allow us to factor by <P(G), and from now on we assume that <P(G) = 1 .
Before proceeding, we introduce the following lemma, which will soon be required and whose proof is deferred until the end of this section.
Lemma 2. Let T be a finite, nontrivial, abelian normal subgroup of the group G and suppose that G has trivial Frattini subgroup. Then T is a direct product of minimal normal subgroups of G. Assuming there is such a set of subgroups, it is clear that G' lies in the centralizer of F and hence in F . Let M be maximal in G. If F is contained in M then G' < M and so M has prime index in G. Otherwise, by hypothesis, \F: F n M\ is prime and hence \FM : F\ -\G : M\ is again prime. It follows ( [8] or [13, 9.5.4] ) that every finite image of G is supersoluble and hence that G is supersoluble by Baer's Theorem ( [3] or [15, p. 162]).
(2) If N is a G-invariant subgroup of F such that F/N is finite and
In this case, Lemma 2 can be applied to deduce that F/N is a direct product of minimal normal subgroups of G/N. Let P/N be one such and let bars denotejactor groups modulo N. By hypothesis, there is a maximal subgroup M of G such that P ■£. M. Hence MP = G and M DP is a normal subgroup of G which does not contain P and is therefore trivial. Now M does not contain F and so \F: F' n M\ = p , a prime. It follows easily that \P\ = p . G/Cç(P) is then abelian, and, since this is the case for all such subgroups P, we get [G', F] < N, as required.
Next, we introduce some further notation and some results that will simplify the remainder of the proof. Let L denote the intersection of all maximal subgroups of G containing F and choose a set of representatives {Mx: A e A} of the conjugacy classes of those maximal subgroups of G that do not contain F. For each A denote by Q the normal core of Mx in G. Then G/Cx is finite and L/F = (S>(G/F). Further, by a well-known theorem of Mal'cev ( [11] or [12, pp. 79 , 80]) G/F is abelian-by-finite and, of course, finitely generated. Once again we appeal to a result of P. Hall [6, Lemma 10] to conclude that L/F is finite. We are now ready for the final two steps. It may be worth remarking that the construction in Step 4 of the proof of Theorem 1 is not dependent on the maximal subgroup property concerned. In fact, it is not difficult to see that the following holds. As suggested in the introduction, the result that provides a starting-point for our discussion in this final section is [4, Proposition 1] , where it is proved that the iterated Hirsch-Plotkin radical H(G), say, of a group G with a is polycyclic. Now in any group G the (characteristic) subgroup generated by all ascendant soluble subgroups is contained in H(G)-this may be seen by first considering the subgroup generated by all ascendant abelian subgroups, which is normal and contained in the Hirsch-Plotkin radical of G ( [5] or [12, The corollary is immediate, since polycyclic groups satisfy the maximal condition. Note that "soluble" cannot be replaced by "locally soluble" or even "locally polycyclic" in the theorem (or its corollary) on account of McLain's group mentioned earlier.
If we restrict attention to supersoluble subgroups, we obtain a good description of the corresponding radical. Theorem 6. If G has a, then the subgroup S* generated by all ascendant supersoluble subgroups of G is (polycyclic and) nilpotent-by-(finite nilpotent). Proof. Since S* is polycyclic, it is generated by finitely many subnormal supersoluble subgroups Sx, ... , S" , say. By Proposition 7 below, we may assume that each S¡ contains the Fitting subgroup F of G, which of course equals the Hirsch-Plotkin radical. Thus, for each / = 1, ... , n, F is contained in F i = Fits',. But Fi is itself contained in the Baer radical of G and hence equals F . Further, each S¡/F is finite and abelian and so, modulo F , S* is nilpotent. (These facts concerning subgroups generated by subnormal nilpotent subgroups are of course due to Baer ([1] or [12, 2.3]) .) The following proposition, therefore, completes the proof of Theorem 6. Proposition 7. Suppose K is a subnormal supersoluble subgroup and L is a finitely generated, normal nilpotent subgroup of the group J which is generated by K and L. Then J is supersoluble.
Proof. With the hypotheses as stated, J is certainly polycyclic. Suppose, for a contradiction, that J is not supersoluble. Then, by ([3] or [15, p. 162]), J has a finite nonsupersoluble image, and we may as well assume that J is finite. Since KJ = K(KJ n L), we may further assume, by induction on the order of /, that K is normal in J . By another theorem of Baer ([2] or [16, Chapter 1, Theorem 3.3]), it suffices to prove that J' is nilpotent. But J' is a subgroup of K'L, a product of two normal nilpotent subgroups. The desired contradiction follows from Fitting's Theorem.
The above result extends in a routine way: Corollary 8. Suppose K and L are subnormal subgroups of J = (L, K) and suppose further that K is supersoluble and L is finitely generated nilpotent. Then J is supersoluble.
Proof. The subgroup LJ is generated by conjugates of L and hence by finitely many such, by the maximal condition. LJ is then nilpotent [1] and Proposition 7 applies.
We mention here the well-known example of Huppert [14, p. 219 ] which shows that a product G of normal supersoluble subgroups need not be supersoluble, even if G is finite. In fact, the theorem of Baer referred to in the proof of Proposition 7 states that such a product G is supersoluble if and only if G' is nilpotent, and the nilpotency of the derived subgroup is one of the hypotheses in our final (and related) result, which has an obvious application to the radical S' defined in Theorem 6. Proposition 9. Let G be a group which is generated by finitely many ascendant supersoluble subgroups Hx, ... , Hn. Then G is supersoluble if and only if G' is nilpotent. Proof. The implication in one direction is well known. So suppose that G is generated by such subgroups and that G' is nilpotent. Then G is polycyclic (see [12, Theorem 2.33] ) and it suffices to prove that all finite images of G are supersoluble. We may thus assume that G is finite. Then joins of subnormals are again subnormal, by a theorem of Wielandt [17] , and so, by induction, we may further assume that G = (H, K), where H and K are subnormal and supersoluble. The proof is completed by means of a standard argument, using induction on the order of G to reduce to the case where H and K are normal and then applying Baer's theorem ( [2] or [16, Chapter 1, Theorem 3.3]).
Remark. With reference to Theorem 1, a remark by a referee has prompted us to say a few words concerning finitely generated soluble groups. It appears that there is not much hope of extending this result to such groups in any obvious way. The group G with presentation (x, y: xy = x2) is metabelian of rank 2 (being an extension of the (additive) group of dyadic rationals by an infinite cyclic group). It is easily shown that every maximal subgroup of G has prime index in G and so G satisfies appropriate hypothesis on maximal subgroups. However, G is not polycyclic.
